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Abst ract - -The  Z-transformation graph of perfect matchings of a plane bipartite graph C has 
the perfect matchings of G as vertices, two perfect matchings being adjacent if their symmetric 
difference forms a cycle that is the boundary of an interior face of C. In this note, we prove that the 
Z-transformation graph of perfect matchings of an outerplane bipartite graph has a Hamilton path. 
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1. INTRODUCTION 
A graph G is a planar graph if it can be embedded in plane such that edges only intersect at 
their end vertices. A plane graph is such an embedding. A plane graph is called an outerplane 
graph if all vertices are lie on the boundary of the exterior face. A graph G is called bipartite 
if its vertex set can be partitioned into two parts V1 and V2 such that every edge has one end 
in V1 and one in V2. Catacondensed benzenoid graphs [1-3] are natural graph-representations f 
an important type of benzenoid hydrocarbons [4] in organic chemistry. They are also a subclass 
of outerplane bipartite graphs. Some examples of outerplane bipartite graphs are illustrated in 
Figure 1. 
I 
Figure 1. Three examples of outerplane bipartite graphs. 
This work is supported by NSFC and TRAPOYT. 
0893-9659/04/$ - see front matter (D 2004 Elsevier Ltd. All rights reserved. 
doi: 10.1016/j.aml.2003.12.002 
Typeset by .AAdSoTEX 
898 H. ZHANG et al. 
A perfect matching (or 1-factor) of a graph G is a set of pairwise disjoint edges of G that cover 
all vertices of G. A connected bipartite graph is called elementary [5] if every edge is contained in 
some 1-factor. It follows easily that any 2-connected outerplane bipartite graphs are elementary. 
The resonance nergy of a benzenoid hydrocarbon can be derived by the number of Kekul~ 
structures (equivalently, perfect matchings in graph theory) and also can be computed from the 
leading eigenvalue of the adjacency matrix of the resonance graph [3]. Let G be a plane bipartite 
graph with a 1-factor. The Z-transformation graph (or resonance graph), denoted by Z(G), of G 
is defined as a graph on the 1-factors of G: two 1-factors are adjacent if their symmetric difference 
forms a cycle that is the boundary of an interior face of G or, equivalently, if they differ only in 
one cycle that is the boundary of an interior face of G. 
The concept of Z-transformation graph of a benzenoid graph was introduced by Griindler [6,7] 
under the name of resonance graph, later independently reinvented by Zhang, Guo and Chen 
in [8,9] and Randid et al. [3,10]. Such a concept has been extended to plane bipartite graphs 
[11-13]. A distributive lattice structure on the set of perfect matchings of a plane elementary 
bipartite graph has been established [14] by a specific orientation of its Z-transformation graph. 
For benzenoid graphs [9] and polyomino graphs [11], the connectivities of their Z-transformation 
graphs were characterized completely. 
For a catacondensed benzenoid graph G, Klav~ar et al. obtained a min-max result [2], that is, 
the smallest number of elementary cuts that cover G equals the dimension of a largest induced 
hypercube of Z(G), and proved that [15] Z(G) is a median graph. This latter implies that Z(G) 
can be isometrically embedded in a hypercube. Accordingly, a binary coding of Kekul~ structures 
of a catacondensed benzenoid hydrocarbons was produced [1]. Chen and Zhang [16] proved that 
the Z-transformation graph of a catacondensed benzenoid graph has a Hamilton path. This 
result enables one to design an algorithm for generating all perfect matchings. In this note, we 
give the following extension to Chen and Zhang's result. 
THEOREM 1. The Z-transformation graph of an outerplane bipartite graph with a/- factor has 
a Hamilton path. 
2. PROOF OF  THE THEOREM 
Let G be a graph with the vertex-set V(G) and edge-set E(G). The Cartesian product G1 × G2 
of graphs G1 and G2 is the graph with the vertex-set V(G1)×V(G2) in which (u,v)(u',v') C 
E(G1 × G2) if and only if either u -- u' and vv'EE(G2) or uu'CE(G1) and v = v ~. 
LEMMA 2. Let Gi be a graph with a Hamilton path of an end-vertex Pi, i = 1,2, . . . ,  n. Then, 
GI × .... ×G, has a Hamilton path with an end-vertex (pl,p2,... ,P,~)- 
PROOF. For the n = 2 case, the result was given in [16]. By applying this result, we can prove 
the lemma by induction on n. | 
A boundary edge of a plane graph is an edge lying on the boundary of the exterior face. In what 
follows, we suppose that G is a 2-connected outerplane bipartite graph. Let al be a boundary 
edge of G and f an interior face of G such that al lies on the boundary of f .  Denote the vertices 
of f clockwise as ul, u2, . . . ,  u2p (p>2) (see Figure 2). Then, ul, u3, . . . ,  u2p-1 belong to the same 
color class (say white) of G and u2,u4,... ,U2p belong to another color class (say black). Put 
ai := U21_lU2i and bi :---- u2iu2i-kl,  1 ~_ i ~ p, where U2p~- 1 = U 1. SO al = UlU2 and bp = U2pU 1. 
The boundary C of the exterior face of G is its Hamilton cycle. If as is not a boundary edge 
of G, ai is a chord of C. Further ai and C form two new cycles; the one whose interior contains 
no f is denoted by C(a~). Let A~ denote the subgraph of G formed by C(a~) together with its 
interior. If a~ is a boundary edge of G, A~ consists exactly of the edge ai with its ends. For b~, we 
can define the subgraphs Bi of G in the same way, 1 ~ i < p. Then, all Ai and Bi are elementary 
bipartite graphs. Put A,* := Ai - u2i-z - u2i and B~ := B~ - u2i - u2i+l, i -- 1,.. .  ,p. 
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Figure 2. A 2-connected outerplane bipartite graph G with an interior face f. 
If A~ (B~) is isomorphic to/42, the complete graph with two vertices, then Z(A~) (Z(B~)) and 
Z(A*) (Z(B*)) are the single vertex and the empty graph, respectively, which can be regarded 
as the degenerated cases of graphs with a Hamilton path. Otherwise, Ai (Bi) is a 2-connected 
outerplane bipartite graph with a boundary edge al (hi). All Ai and Bi are thus elementary 
bipartite graphs. 
Let M be a 1-factor of G and H a subgraph of G. The restriction MnE(H) of M on H is 
denoted by M[H. 
LEMMA 3. Let M be a 1-factor of G. If a16M, then the M[Ai are l-factors of Ai, i = 1, 2,... ,p; 
if alUM, then the M[B~ are 1-factors of Bi, i -- 1,2,. . .  ,p. 
PROOF. Since M is a 1-factor of G, the vertices of A* (B~) are covered by MiA~ (MIB,) for all 
1 < i < p. Suppose al = ulu2 E M. Since Bi has an even number of vertices, u2, and hence, 
u3, is not covered by M[B1. Then, u3 and u4 are covered by M[A2, that is, M[A2 is a 1-factor 
of A2. Continuing such a process, we arrive in that the ends of each ai are covered by M]A~ and 
none of the ends of each bi are covered by M[B~. This implies that M[Ai are 1-factors of Ai, 
i --- 1,2, . . .  ,p. The other part of the lemma can be proved in an analogous way. | 
Let Ka(az) denote the set of 1-factors of G containing the edge al and Kb(al) the set of 
1-factors of G containing no al. For MEKG(al), by Lemma 3, M can be expressed as 
(1) 
whereas MEK~(al) has the following form 
(2) 
LEMMA 4. For any boundary edge e of a 2-connected outerplane bipartite graph G, Z(G) has a 
Hamilton path such that the first ]KG(e)[ vertices are the 1-factors in Kc(e).  
PROOF. We proceed by induction on the number k of interior faces of G. For k = 1, it is trivial 
since the Z(G) is isomorphic to/(2.  
Suppose that the result holds for 1 _< k < n. In the following, suppose that G is a 2-connected 
outerplane bipartite graph with n ,interior faces. Let al be any boundary edge of G. Then, al 
lies on the boundary of an interior face f of G. The other conventions are made as mentioned 
above (also see Figure 2). 
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Since Ai has less than n interior faces and as is a boundary edge of As, i = 1, . . .  ,p, by induction 
hypothesis Z(As) has a Hamilton path PA~ such that the first s~ := IKA~ (a~)I vertices correspond 
to the 1-factors in KA~ (hi). Hence, PA, can be expressed as follows. 
P& = M1 (hi) M2 (hi). . .  Ms, (hi) . . . ,  (3) 
where M~(as)eK&(as), j -- 1, . . .  ,s~, i = 1, . . .  ,p. Then, Z(A*), i = 1, . . .  ,p, has a Hamilton 
path 
PA; = (M~ (as) - {as}) (M2 (as) - {a~})... (M~, (as) - {as}). (4) 
Similarly Z(Bi), i = 1 , . . . ,p ,  has a Hamilton path PB~ such that the first ts := [KB~(bs)[ 
vertices are the 1-factors in Ks~ (bs), i.e., PB, has the following form 
PB~ =Ml(bi)M2(bs). . .Mt~(bs). . . ,  (5) 
where Mj(b~)eKB,(bs) (i = 1,.. .  ,p, j = 1 . . . .  ,ts). Further, Z(B*) has a Hamilton path 
PB; = (M1 (bi) - {bi}) (M2 (bi) - {bi}).-. (Mt~ (bi) - {bs}) • (6) 
By (1), the subgraph of Z(G) induced by Kc(al)  is 
<Ka(al)>-~ Z (A1) x . . .  x Z (Ap) xZ  (B~) x . xZ  (Bp) . 
By (2), the subgraph of Z(G) induced by K~(al) is 
K*  ~ . . { a (a~)}=Z(A[ )x - -  xZ(A ; )  xZ(B1)  x • xZ(Bp) .  
By Lemma 2 and equations (3) and (6), (KG(al)> has a Hamilton path with an end-vertex 
M := (UP=I Ml(as)) U (UP=I(MI(bi) - {bs})). By Lemma 2 and equations (4) and (5), (KS(a1)) 
has a Hamilton path with an end-vertex M* := (UP=2(MI(as) - {as})) u ([.J~=l Mt(bs)). 
Since the symmetric difference M @ M* = {a l , . . . ,  ap, b l , . . . ,  bp} forms the boundary of f ,  
MM* is an edge of Z(G). We now obtain a Hamilton path of Z(G) as follows: a Hamilton path 
of (Kc(al)} with the terminated vertex M, an edge MM* and a Hamilton path of (K~(al)) 
with the initial vertex M*. | 
PROOF OF THEOREM 1. Suppose that G is an outerplane bipartite graph with at least two 
1-factors. An edge of G is called nonfixed if it belongs to some 1-factors of G but not to all. The 
components of the subgraph formed by all nonflxed edges of G are elementary bipartite graphs 
(called normal components of G [17]), denoted by G~, G2, . . . ,  G,~ (m > 1). Since G is outerplane, 
the Gs are 2-connected outerplane bipartite graphs and all interior faces of any Gs remain faces 
of G. Then, Z(G) ~- Z(G1) x -.. x Z(Gm). By Lemmas 2 and 4, Z(G) has a Hamilton path. | 
REFERENCES 
1. S. Klav~.ar, A. Vesel, P. Zigert and I. Gutman, Binary coding of KekuM structures of catacondensed benzenoid 
hydrocarbons, Comput. Chem. 25, 569-575, (2001). 
2. S. Klav~ax and P. Zigert, A min-max result on catacondensed benzenoid graphs, Appl. Math. Lett. 15 (3), 
279-283, (2002). 
3. M. P~ndid, Resonance in catacondensed benzenoid hydrocarbons, Int. J. Quantum Chem. 63, 585-600, 
(1997). 
4. I. Gutman and S.J. Cyvin, Introduction tothe Theory of Benzenoid Hydrocarbons, Springer-Verlag, Berlin, 
(1989). 
5. L. LovNsz and M.D. Plummer, Matching Theory, Annals of Discrete Mathematics, Volume ~9, North- 
Holland, Amsterdam, (1986). 
6. W. Griindler, Signifikante lektronenstrukturen ffirbenzenoide kohlenwasserstoffe, Wiss. Z. Univ. Halle 31, 
97-116, (1982). 
7. W. Griindler, Mesomerie und quantenmechanik, Z. Chem. (Leipzig) 23, 157-167, (1983). 
The Z-Transformation Graph 901 
8. F. Zhang, X. Guo and R.. Chen, Z-transformation graphs of perfect matchings of hexagonal systems, Discrete 
Math. 72, 405-415, (1988). 
9. F. Zhang, X.Guo and R. Chen, The connectivity ofZ-transformation graphs of perfect matchings of hexagonal 
systems, Acta Math. Appl. Sinica 4 (2), 131-135, (1988). 
10. M. Randid, D.J. Klein, S. El-Basil and P. Calkins, Resonance inlarge benzenoid hydrocarbons, Croat. Chem. 
Acta 69, 1639-1660, (1996). 
11. H. Zhang, The connectivity of Z-transformation graphs of perfect matchings of polyominoes, Discrete Math. 
158, 257-272, (1996). 
12. H. Zhang and F. Zhang, Block graphs of Z-transformation graphs of perfect matchings of plane elementary 
bipartite graphs, Ars Combinatoria 53, 309-314, (1999). 
13. H. Zhang and F. Zhang, Plane elementary bipartite graphs, Discrete Appl. Math. 105, 291-311, (2000). 
14. P.C.B. Lam and H. Zhang, A distributive lattice on the set of perfect matchings of a plane bipartite graph, 
Order 20, 13-29, (2003). 
15. S. Klav~,ar, P. Zigert and G. Brinkmann, Resonance graphs of catacondensed ven ring systems are median, 
Discrete Math. 253, 35-43, (2002). 
16. R. Chen and F. Zhang, Hamilton Paths in Z-transformation graphs of perfect matchings ofhexagonal systems, 
D~sere~e Appl. Math. 74, 191-196, (1997). 
17. W.C. Shiu, P.C.B. Lam, F. Zhang and H. Zhang, Normal components, Kekul~ patterns~ and Clar patterns 
in plane bipartite graphs, J. Math. Chem. 31 (4), 405-420, (2002). 
